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Abstract. We briefly discuss the current status of lattice QCD simulations and review
selective results on nucleon observables focusing on recent developments in the lattice
QCD evaluation of the nucleon form factors and radii, parton distribution functions and
their moments, and the neutron electric dipole moment. Nucleon charges and moments of
parton distribution functions are presented using simulations generated at physical values
of the quark masses, while exploratory studies are performed for the parton distribution
functions and the neutron electric dipole moment at heavier than physical value of the
pion mass.
1 Introduction
Lattice Quantum Chromodynamics (QCD) provides a non-perturbative approach for the evaluation of
properties of strongly interacting systems starting directly from the QCD Langragian of the theory,
LQCD = −14F
a
µνF
a µν +
∑
f=u,d,s,c,b,t
ψ¯ f
(
iγµDµ − m f
)
ψ f , where Dµ = ∂µ − igλ
a
2
Aaµ (1)
and using the same degrees of freedom, namely the quarks and the gluons. Lattice QCD is defined on
a 4-dimensional hyper cubic lattice with lattice spacing a. There are several O(a) improved fermion
discretisation schemes each of which has its advantages. Wilson-type actions are pursued by a num-
ber of collaborations using mainly the clover and twisted mass (TM) discretization schemes. They
are computationally fast but break chiral symmetry. The clover formulation needs operator improve-
ment, while the TM formulation provides automatic O(a) but breaks flavor symmetry, which is only
recovered in the continuum limit [1, 2]. Staggered fermions are fast to simulate, preserve chiral sym-
metry but have four doublets and complicated contractions. The domain wall (DW) formulation has
improved chiral symmetry and overlap fermions are chiral preserving but both are computationally
expensive as compared to Wilson-type and staggered fermions. Results emerging from the different
discretization schemes must agree in the continuum limit, a → 0. Furthermore, observables need to
be extrapolated to the infinite volume limit, L→ ∞ where L is the spatial lattice length or at the least
one needs to show that the lattice volume is large enough so that finite volume effects are negligible.
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In Fig. 1 we show a summary of dynamical simulations characterized by the value of the pion
mass, lattice spacing and lattice extent. As can be seen, a number of collaborations have simulations
at physical values of the pion mass on sufficiently large volumes using various types of Wilson O(a)-
improved, domain wall and staggered fermions [3–10].
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Figure 1. A summary of recent simulations showing the value of the pion mass and the lattice spacing (left) and
mpiL (right): Black filled circles are from PACS using N f = 2+1 clover-improved fermions [3, 4], light blue filled
circles from BMW for N f = 2 + 1 clover-improved fermions with HEX smearing [5], yellow filled diamonds
from MILC using N f = 2 + 1 + 1 staggered fermions [6], magenta open circles from QCDSF using N f = 2
clover-improved fermions [7], green filled circles from CLS using N f = 2 + 1 clover-improved fermions [8], blue
filled squares from RBC-UKQCD using domain wall fermions [9], red filled (open) circles from ETMC using
N f = 2 + 1 + 1 twisted mass fermions (N f = 2 with a clover term) [10]. The size of the symbols in the left panel
is according to the value of mpiL with the smallest value taken as mpiL ∼ 3 and the largest mpiL ∼ 6.7.
Analyzing gauge configurations at the physical value of the pion massmpi (physical point) typically
requires large statistics and it has become computationally as demanding as producing the gauge
configurations. A plethora of observables is currently under study in lattice QCD. Here we focus on
three sets of key observables: i) Nucleon form factors and radii; ii) moments of parton distributions
where results are obtained using simulations with pion mass close to its physical value. An exploratory
study of directly evaluating the parton distribution functions (PDFs) is discussed following the method
of Ref. [11] where results are obtained for clover fermions on N f = 2 + 1 + 1 HISQ sea [12] for
mpi = 310 MeV and for an N f = 2 + 1 + 1 TM fermion ensemble with mpi = 373 MeV [13]; iii) the
neutron electric dipole moment using simulations with heavier than physical pions.
The evaluation of hadron matrix elements requires the computation of the appropriate Euclidean
three-point function given by
Gµν(Γ, ~q, ~p′, ts, tins) =
∑
~xs,~xins
ei~xins·~q e−i~xs·~p
′
Γβα 〈JαH(~xs, ts)OµνΓ (~xins, tins)J
β
H(~x0, t0)〉, (2)
where ~p′ is the final momentum and ~q is the momentum trasfer. Dividing by an appropriate combina-
tion of two-point functions one obtains a ratio that in the large Euclidean time limit converges to the
ground state matrix element as
R(ts, tins, t0)
(tins−t0)∆1−−−−−−−−→
(ts−tins)∆1
M[1 + T1e−∆(p)(tins−t0) + T2e−∆(p′)(ts−tins) + · · · ], (3)
The matrix element of interest is given by M. The ratio depends on ts, tins, t0, which are the sink,
insertion and source times, respectively and ∆(p) the energy gap between the ground state and the
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first excited state. To extract M one either takes tins − t0 and ts − tins large enough so excited states
give a negligible contribution and fits to a constant (plateau method) or includes the first excited
state introducing additional fit parameters (two-state fit). For diagonal matrix elements T1 = T2 and
resulting in two additional fit parameters. Alternatively, summing over tins (summation method) we
obtain
ts∑
tins=t0
R(ts, tins, t0) = Const. +M[(ts − t0) + O(e−∆(p)(ts−t0)) + O(e−∆(p′)(ts−t0))]. (4)
In the summed ratio, excited state contributions are suppressed by exponentials decaying with ts − t0,
rather than ts − tins and tins − t0. However, one needs to fit the slope rather than to a constant or take
differences and then fit to a constant [14] yielding larger errors as compared to the plateau method.
If excited states are under control these three methods should yield the same results, and this can be
used as a criterion for the onset of ground state dominance.
A three-point function has, in general, two-type of contributions, one when the current couples
to a valence quark (connected) and one when it couples to a sea quark (disconnected) as depicted
diagrammatically in Fig. 2. Recent improvements have allowed the computation of the disconnected
contribution that was ignored in the past being computationally very expensive. Further developments
are needed in oder to reduce the errors for some of the disconnected contributions in order to enable
accurate results using simulations at the physical point. Although methods to compute the connected
contribution are by now standard, increasing the sink-source time separation to extract the ground
state matrix element as required in particular for the physical point, leading to large gauge since the
noise to signal increases exponentially with the time separation. This is demonstrated in Fig. 3 for
several of the nucleon observables discussed here. These results are obtained using two degenerate
flavors (N f = 2) of TM clover-improved fermions at the physical point.
q = p′ − p
(xins, tins)
(x0, t0)(xs, ts)
OΓ
~q = ~p′ − ~p
(~xins, tins)
(~x0, t0)(~xs, ts)
OΓ
Figure 2. Connected (upper) and disconnected (lower)
contributions to the three-point function of quark bilin-
ear operators.
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Figure 3. The dependence of the statistical errors on
the time separation ts − t0 for N f = 2 TM clover-
improved fermions at the physical point.
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2 Nucleon form factors and radii
2.1 Nucleon charges
Nucleon form factors at zero momentum transfer yield the nucleon charges. Therefore we first discuss
the evaluation of the nucleon matrix element at zero momentum transfer i.e. 〈N(~p′)OXN(~p)〉|q2=0, and
consider the scalar OaS = ψ¯(x) τ
a
2 ψ(x) the axial-vector OaA = ψ¯(x)γµγ5 τ
a
2 ψ(x) and the tensor OaT =
ψ¯(x)σµν τ
a
2 ψ(x) operators. The nucleon axial charge gA is measured in neutron β-decays and it is an
isovector quantity. This means that only the connected contribution is non-vanishing in the isospin
limit, simplifying its computation within lattice QCD. Despite the technical simplicity in its evaluation
however, the value of gA has so far eluded lattice QCD evaluations. In the past this was attributed to
results using simulations with heavier that physical pion mass. With gauge configurations at the
physical point one is examining lattice artifacts such as excited states contribution to the ground
state matrix element, finite volume and lattice spacing effects so as to obtain a value with controlled
systematic errors that can be compared with the experimental one.
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Figure 4. Isovector axial charge gA. Left showing the value as we vary the sink-source time separation ts − t0.
tlows is the lowest value of ts used in the fits. Right we show the pion mass dependence of gA using TM fermion
results.
In Fig. 4 we examine the extraction of the ground state matrix element as the sink-source sepa-
ration is increased for an ensemble of N f = 2 twisted mass clover-improved fermions on a lattice of
size 483 ×96, a = 0.093(1) fm, and mpi = 131 MeV (referred to as the physical TM ensemble). At time
separation ts − t0 = 1.3 fm, which is the largest we currently have, we find from the plateau method
gA = 1.22(3)(2), where the first error is statistical and the second systematic determined by the differ-
ence between the values from the plateau and two-state fits [15]. This is close but still slightly below
the measured value. Comparing with TM fermion results at heavier than physical pions masses we
find that finite volume and lattice spacing effects are small. However, one needs to ensure that these
remain small at the physical point. A number of collaborations are investigating lattice artifacts (see
Ref. [16] for a recent review) and the expectation is that soon one will be able to understand the small
difference currently observed between the lattice QCD value for gA and the experimental value.
The value of the scalar and tensor charges on the other hand are not well known. These are impor-
tant quantities for probing scalar and tensor interactions beyond the standard model. For the isovec-
tor tensor charge gT a global analysis of HERMES, COMPASS and Belle e+e− data yields gu−dT ∼
0.54+0.30−0.13 [17], while a new analysis of COMPASS and Belle data resulted in g
u−d
T = 0.81(44) [18].
Given this large uncertainty, a lattice QCD determination can provide a valuable input, especially in
CONF12
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Figure 5. Results on the isovector scalar (left) and tensor (right) charges for TM clover-improved fermions at the
physical point.
view of plans to measure gT in the SIDIS experiment on 3He/Proton at JLab. In Fig. 5 we show re-
sults on the isovector gS and gT for the physical TM ensemble, extracted using ∼ 9260 statistics for
ts/a = 10, 12, 14, ∼ 48000 for ts/a = 16 and ∼ 70000 for ts/a = 18. As can be seen, the scalar charge
shows large excited state contributions and a larger ts − t0 is required as compared to e.g. gT in order
to extract the correct matrix element. We find that ts − t0 ∼> 1.5 fm at the physical point is needed for
convergence. Using the plateau method we find gu−dS = 0.93(25)(33) and g
u−d
T = 1.00(2)(1), where
the second error is estimated from the difference between the plateau value and the two state fit re-
sult [19]. In Fig. 6 we compare lattice results using different discretization schemes, lattice spacings
and volumes. The fact that lattice results agree among them indicates small lattice artifacts for these
improved lattice actions.
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Figure 6. Comparison of results for the isovector scalar (left) and tensor (right).
In order to compute individual quark contributions one needs to evaluate the disconnected con-
tributions to the matrix element. Using recently developed methods that combine exact deflation and
stochastic evaluation of the all-to-all quark propagator on graphics cards (GPUs) we are able to reach
enough statistics to extract meaningful values. In Fig. 7 we show the disconnected contribution to the
isoscalar axial charge gu+dA and strange g
s
A. Both contributions are non-zero and have to be taken into
account. We find for the disconnected contribution gu+dA = −0.15(2) using 854,400 statistics and com-
bining with the isovector we obtain guA = 0.826(26) and g
d
A = −0.386(14) while gsA = −0.042(10) com-
puted with 861,200 statistics. The corresponding values for the scalar charge are gu+dS = 8.25(51)(13)
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(conn) and 1.25(26) (disconn) yielding guS = 5.21(31) and g
d
S = 4.28(31). For the tensor charge we
find gu+dT =0.584(16)(17) (conn) and 0.0007(11) (disconn) yielding g
u
T = 0.795(13), g
d
T = −0.210(13),
where the first error is statistical and the second error on the connected is the systematic determined
by the difference between the values from the plateau and two-state fits.
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Figure 7. Disconnected contribution to the isoscalar axial (upper left) and strange axial charge (upper right) and
isoscalar scalar (lower left) and strange scalar (lower right) charge of the nucleon for the physical TM ensemble
as ts − t0 increases . The scalar charge is computed in the MS at 2 GeV.
Having the scalar charge, we can obtain the quark content of the nucleon, given by σ f ≡
m f 〈N|q¯ f q f |N〉. Apart from measuring the explicit breaking of chiral symmetry, these quantities rep-
resent the largest uncertainty in interpreting experiments for dark matter searches. With our increased
statistics we find σpiN = 36(2) MeV, σs = 37(8) MeV, σc = 83(17) MeV[20]. These values are in
agreement with other recent lattice QCD results but they are in tension with recent phenomenological
extractions using Roy-Steiner equations, an issue that needs to be further investigated.
2.2 Electromagnetic form factors
The electromagnetic form factors F1 and F2 of the nucleon can be extracted from the nucleon matrix
element of the electromagnetic current
〈N(p′, s′)| jµ|N(p, s)〉 = u¯N(p′, s′)
[
γµF1(q2) +
iσµνqν
2m
F2(q2)
]
uN(p, s). (5)
The electric and magnetic Sachs form factors are given byGE(q2) = F1(q2)+
q2
4m2N
F2(q2) andGM(q2) =
F1(q2) + F2(q2), respectively. Having the form factors one can determine the root mean square (r.m.s)
radius by finding the slope in the limit of zero momentum transfer squared q2. A ground breaking
experiment using muonic hydrogen extracted the proton charge radius ten times more accurately than
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what was determined previously from electron scattering. The muonic hydrogen value is smaller by
about seven standard deviations from the one extracted from electron scattering [21]. The Mainz
A1 collaboration at MAMI has measured the electric form factor at low Q2 = −q2 and finds rp =
0.879(5)stat(4)syst(2)model(4)group fm in agreement with the CODATA06 value of 0.8768(69) fm [22].
Other analyses of electron scattering data that include the Mainz data yield consistency with the
muonic hydrogen determination see e.g. Refs. [23–25]. For a review see Ref. [26].
An evaluation of the electromagnetic nucleon form factors in lattice QCD can be used to determine
the charge and magnetic radii. In the past, these quantities were calculated using simulations with
pion mass larger than physical yielding radii that were smaller than what one extracted from the
measured form factors. ETMC, LHPC, PACS and PNDME have recently produced results at near
physical values of the pion mass. Very recent results, some of which still preliminary, for the isovector
Sachs form factors are shown in Fig. 8, which are in good agreement. For the electric form factor
lattice results agree well with experimental results, while lattice QCD results tend to underestimate the
magnetic form factor GM(Q2) at low Q2. Like for gA, lattice systematics need to carefully evaluated.
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Figure 8. Results on the isovector GE (left) and GM (right) with TF mass fermions for the physical ensemble
using ts − t0 = 1.7 fm and 66,000 statistics, GM with ts − t0 = 1.3 fm and 9,300 statistics [27], from LHPC
using N f = 2 + 1 clover fermions, a = 0.116 fm, 484, summation method with 3 values of ts − t0 from 0.9 fm
to 1.4 fm and ∼ 7, 800 statistics [28], from PNDME mixed action HISQ N f = 2 + 1 + 1 and clover valence,
a = 0.087 fm, 643 × 96, summation method with 3 values of ts from 0.9 fm to 1.4 fm and ∼ 7, 00 high precision
and ∼ 85, 000 low precision [29], PACS using N f = 2 + 1 clover fermions, a = 0.085 fm, 963 × 192, ts = 1.3 fm,
9,300 statistics [30].
Disconnected contributions to the nucleon electromagnetic form factors are computed to unprece-
dented accuracy using hierarchical probing for an ensemble of clover improved fermions at pion mass
of about 320 MeV [31]. In Fig. 9 we show the disconnected contributions due to the light and strange
quark loops. Although for both form factors they are non-zero for GE(Q2) they are smaller than 1%.
An important conclusion of this study is that the strange form factors are non-zero. These form factors
are determined experimentally from parity violating e−N scattering. The HAPPEX experiment finds
GsE(0.62) = 0.047(34) and G
s
M(0.62) = −0.070(67) [32]. The χQCD collaboration has also computed
GsM using overlap valence on N f = 2 + 1 DW fermion sea for three ensembles of mpi = 330 MeV,
300 MeV and 139 MeV. The results for GsM(0) are shown in Fig. 10 as a function of the pion mass.
GsM(0) becomes more negative as the pion mass decreases, while the two lattice QCD evaluations are
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Figure 9. Results on the disconnected contributions to the nucleon electromagnetic form factors with N f = 2 + 1
clover fermions, mpi ∼ 320 MeV taken from Ref. [33].
Figure 10. Overlap valence on N f = 2+1 domain wall fermions, 243×64, a = 0.11 fm, mpi = 330 MeV; 323×64,
a = 0.083 fm, mpi = 300 MeV and 483, a=0.11 fm, mpi = 139 MeV [34].
consistent for mpi ∼ 320 MeV. The predictions from lattice QCD, being very accurate, provide a very
valuable input.
In Fig. 11 we show the electromagnetic form factor for the proton and neutron for the physical TM
ensemble. Only the connected contributions are evaluated. As can be seen, lattice QCD results are
consistent with the Kelly’s parameterization of the experimental data for the proton electric GpE(Q
2)
and magnetic GpM(Q
2) form factors with small deviations observed for GpM(Q
2) at low Q2 and for
the slope of GpE(Q
2). For the neutron, GnM(Q
2) shows larger deviations at low Q2 agreeing with
experiment for Q2 > 0.5 GeV2. Lattice QCD results on GnE(Q
2) yield non-zero values with the same
qualitative behaviour as the experimental data, albeit with large statistical errors. Efforts to compute
the disconnected contributions and quantify lattice systematics are ongoing.
2.3 Electromagnetic radii 〈r2E〉, 〈r2M〉
The slope of the form factors at Q2 → 0 yields the radius, namely 〈r2EM〉 = − 6GEM (0)
dGEM (Q2)
dQ2 |Q2=0.
Thus to extract the radii we need an Ansatz for the Q2-dependence of the form factors. Usually one
considers a dipole fit G0(1+Q2/M2)2 or the z−expansion. Since on the lattice the momentum is discretized
CONF12
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Figure 11. Results by ETMC for the physical TM ensemble. GE is extracted for ts − t0 = 1.7 fm and 66,000
statistics, while for GM for ts − t) = 1.3 fm and 9,300 statistics [27].
the lowest momentum for periodic boundary conditions is 2pi/L, introducing a systematic error from
the Ansatz used to fit the Q2-dependence in order to extract the slope at Q2 = 0. In Fig. 12 we show
the lattice QCD results for the charge and magnetic radii. As can be seen, the errors on the lattice QCD
results are still much larger than the experimental error and we thus cannot at this point discriminate
between the muonic and electron determination of the radii.
Space position methods can extract form factors at Q2 = 0 and radii directly avoiding model
dependence-fits. We briefly describe this new method using as an example the simpler case of the
nucleon isovector magnetic moment GisovM (0). Let us consider the ratio
lim
t→∞ limts−t→∞
Gµ3pt(Γν, ~q, ts, tins)
G2pt(ts)
= Πµ
(
~q,Γν
)
. (6)
GM is then extracted from
Πi
(
~q,Γk
)
= −C 1
4mN
i jkq jGM
(
Q2
)
. (7)
However, due to the momentum factor q j, the magnetic moment GM(0) cannot be extracted directly.
One can eliminate the factor q j by differentiating w.r.t. q j
lim
q2→0
∂
∂q j
Πi(t, ~q,Γk) =
1
2mN
i jkGM(0) . (8)
This approach can be tested in the case of GE(0) for which we know that the value should be unity.
We use the expression
Πi
(
~q,Γ0
)
= −C i
2mN
qiGE
(
Q2
)
(9)
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Figure 12. Lattice QCD results on the proton charge (left) and magnetic (right) r.m.s. radius. The gray bands
are the muonic and electron scattering determination of the proton charge r.m.s radius. The ETMC results are
computed using the physical TM ensemble with rE (left) extracted from the slope of GE computed with ts − t0 =
1.7 fm and 66,000 statistics, and rM (right) from GM with ts − t0 = 1.3 fm and 9,300 statistics. PNDME are taken
from Ref. [36], LHPC from Ref. [28] and CLS/Mainz from Ref. [37].
Since the application of a continuous derivative to the three-point is not strictly correct leading to a
time-dependent ratio, we have developed an alternative approach where one takes the derivative in
the plateau region [35]. We show the evaluation of GE(0) in Fig. 13, which indeed yields unity. In
the same figure we also show the corresponding evaluation of the magnetic moment. These were
computed using an ensemble of N f = 2 + 1 + 1 TM fermions for mpi = 373, volume 323 × 64 and
a = 0.082 fm (refer to as the B55 ensemble). We obtain for GisovM = 4.45(15)stat larger than 3.99(9)stat
extracted from a dipole fit and closer to the experimental value of 4.71. Application of this method to
extract the radii at the physical point is in progress.
2.4 Nucleon axial form factors
We briefly comment on our recent results on the nucleon axial form factors (see Ref. [16] for a review).
In Fig. 14 we show results for the isovector axial form factors for the physical TM ensemble as well
as for N f = 2 + 1 clover fermions with mpi = 317 MeV from LHPC. The disconnected contributions
to the isoscalar axial form factors computed recently are sizable as shown in Fig. 15 and need to be
taken into account in the discussion of the spin carried by quark in the nucleon.
3 Generalized Parton Distributions
Another set of observables that probes the structure of hadrons are Generalized Parton Distributions
(GPDs) measured in deep inelastic scattering. These are matrix elements in the infinite momentum
frame but factorization leads to a set of three twist-two local operators, namely the vector operator
Oµ1···µnVa = ψ¯(x)γ{µ1 i
↔
D µ2 . . . i
↔
D µn} τ
a
2 ψ(x), the axial-vector operator Oµ1···µnAa = ψ¯(x)γ{µ1 i
↔
D µ2 . . . i
↔
D
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fermions with mpi = 317 MeV [38].
µn}γ5 τ
a
2 ψ(x) and the tensor operator Oµ1···µnT a = ψ¯(x)σ{µ1,µ2 i
↔
D µ3 . . . i
↔
D µn} τ
a
2 ψ(x). In the special case
where we have no derivatives these yield the usual hadron form factors, while for Q2 = 0 they reduce
to the parton distribution functions (PDFs) yielding for instance the average momentum fraction or
the unpolarized moment 〈x〉 in the case of the one-derivative vector operator.
For a spin-1/2 particle, like the nucleon, the decomposition of the matrix element of the one-
derivative vector operator is given by
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〈N(p′, s′)|OµνV3 |N(p, s)〉 = u¯N(p′, s′)
[
A20(q2)γ{µPν} + B20(q2)
iσ{µαqαPν}
2m
+C20(q2)
q{µqν}
m
]1
2
uN(p, s) .
(10)
Extracting A20 and B20 is particularly relevant for understanding the nucleon spin Jq carried by a quark
since Jq = 12
[
Aq20(0) + B
q
20(0)
]
as well as the momentum fraction 〈x〉q = Aq20(0).
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Figure 17. Upper: Gluonic contribu-
tion to the nucleon three point func-
tion. Lower: Diagrammatic presen-
tation of the three-point function en-
tering the determination of the quasi-
parton distribution.
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A number of collaborations have computed the nucleon matrix elements of the one-derivative
vector, axial-vector and tensor operators mostly for pion masses larger than physical. In Fig.‘16 we
show results on the isovector moments using a number of N f = 2 and N f = 2+1+1 twisted mass gauge
configurations including the physical TM ensemble. The sink-source time separation is increased to
1.7 fm and the value of both the unpolarized (〈x〉u−d〉) and polarized (〈x〉∆u−∆d〉) moments decreases
approaching their experimental value. Since both the plateau and two-state fits are consistent while
the summation method gives a smaller value increasing the sink-source separation is still necessary to
extract the final values. Extracting the value from the plateau method we find 〈x〉u−d = 0.194(9)(10)
and 〈x〉u+d+s = 0.74(10), in the MS at 2 GeV, where the mixing of 〈x〉u+d+s with the gluon operator is
perturbatively computed using one-loop lattice perturbation theory. For the helicity we find 〈x〉∆u−∆d=
0.259(9)(10). For the tensor moment the predicted value is 〈x〉δu−δd=0.273(17)(18). In all cases the
first error is statistical and the second systematic determined by the difference between the values
from the plateau and two-state fits.
Gluonic contributions to the momentum and spin in the nucleon can be evaluated in an analogous
manner by computing the nucleon matrix element of the gluon operator as shown diagrammatically
in Fig. 17 and extracting the generalized form factors Ag20(0) and B
g
20(0) to obtain 〈x〉g = Ag20 and
Jg = 12 (A
g
20+B
g
20), respectively. The momentum fraction is extracted from the matrix element 〈N|O44−
1
3O j j|N〉 at zero momentum, which yields directly 〈x〉g, where we considered the gluon operator Oµν =−Tr[GµρGνρ]. The three-point function depicted in Fig. 17 is a disconnected correlation function and
known to be very noisy. We employ several steps of stout smearing in order to remove gauge ultra-
violet fluctuations. Results are obtained for the B55 ensemble [42] as well as for the physical TM
ensemble [43]. 2094 gauge configurations with 100 different source positions resulting to more than
200 000 measurements are utilized to extract the matrix element at the physical point. The bare value
is 〈x〉g,bare = 0.318(24) and the renormalized 〈x〉Rg = Zgg〈x〉g + Zgq〈x〉u+d+s= 0.273(23)(24) where the
mixing of the gluon operator with 〈x〉u+d+s is taken into account perturbatively [43]. The systematic
error is the difference between using one- and two-levels of stout smearing. Having both quark and
gluon momentum fractions we can check the momentum sum
∑
q〈x〉q+〈x〉g = 〈x〉CIu+d+〈x〉DIu+d+s+〈x〉g =
1.01(10)(2), which is very well satisfied.
3.1 Nucleon spin
The contributions to the total spin of the nucleon should add up to one-half. Both quarks and gluons
contribution to the spin sum: 12 =
∑
q
(
1
2
∆Σq + Lq
)
︸          ︷︷          ︸
Jq
+Jg, where Jq = 12
(
Aq20(0) + B
q
20(0)
)
and ∆Σq = gqA.
As can be seen in Fig. 18 ∆Σu,d at the physical point is consistent with the experimental values
after disconnected contributions are included. Also disconnected contributions affect the value of Lq
where we find that both Lu and Ld increase if disconnected are included. The total quark contribution
to the spin is Ju+d+s = 0.374(51)(42) where mixing with the gluon operator is taken into account. The
second error is the systematic determined as the difference between this value and Ju+d+s = 0.412(55)
using non-perturbative renormalization and ignoring the mixing. For the gluon spin we only have
Ag20(0). If we neglect B
g
20(0) then we find for the nucleon spin JN = 0.510(50)(42) consistent with the
spin sum.
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Figure 18. Intrinsic spin, total spin and orbital angular momentum in the MS at 2 GeV.
3.2 Direct evaluation of parton distribution functions - an exploratory study
We discuss an exploratory study to extract directly in lattice QCD the PDFs following the proposal of
Ref. [11]. Consider the matrix element
q˜(x,Λ, P3) =
∫ +∞
−∞
dz
4pi
e−izxP3〈P|ψ¯(z, 0) γ3 W(z)ψ(0, 0)|P〉h(P3,z), (11)
where q˜(x) is the quasi-distribution to be related to the PDFs. First results are obtained for N f =
2 + 1 + 1 clover fermions on HISQ sea [12, 44] and for the B55 ensemble [13, 45] for which we show
results in Fig. 19 on the isovector distribution qu−d(x) for 5 steps of HYP smearing. The matching to
the PDF q(x) is done using
q(x, µ) = q˜(x,Λ, P3) − αs2pi q˜(x,Λ, P3)δZ
(1)
F
(
µ
P3
,
Λ
P3
)
− αs
2pi
∫ 1
−1
dy
y
Z(1)
(
x
y
,
µ
P3
,
Λ
P3
)
q˜(y,Λ, P3) + O(α2s)
(12)
Subtracting the target mass corrections, which are small for the larger momenta considered and
doing the matching one converts the quasi-distribution measured on the lattice into the distribution
shown in Fig. 19. It shows good qualitative agreement with the phenomenologically extracted PDF.
We observe in particular, that it exhibits an asymmetry between the quark and the anti-quark distribu-
tions, which is a highly non-trivial outcome. The polarized and transversity PDFs have been similarly
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Figure 19. Results on the unrenormalized unpolarized isovector quasi-distribution for an ensemble of N f =
2 + 1 + 1 TM fermions, lattice size 323 × 64, mpi = 373 MeV and a ≈ 0.082 fm (referred to as B55 ensemble). It
uses 5-steps of HYP smearing and momentum smeared sources [46] and 150 measurements for 6pi/L (left) and
300 for 8pi/L and 10pi/L [45] (middle). Right: The isovector unpolarized parton distribution for B55.
computed in Ref. [45]. For the latter, the uncertainties from the phenomenological analyses are large
and thus the lattice QCD calculation, after a suitable renormalization that still needs to be carried out,
has the potential of providing a prediction based only on QCD.
4 Neutron Electric Dipole Moment
Possible experimental observation of a non-zero neutron dipole moment (nEDM) will probe beyond
the standard model physics since it will indicate violation of P and T symmetries. The best experi-
mental bound currently is [47]
|~dN | < 3.0 × 10−13e · fm
A neutron dipole moment is induced by the CP-violating Cherns-Simons (CS) term,
LCS (x) ≡ −iθ 132pi2 
µνρσTr
[
Gµν (x)Gρσ (x)
]
≡ −iθq(x) .
which we add to the QCD Lagrangian resulting in the Lagrangian density
L (x) = LQCD (x) +LCS (x) .
Model dependent studies as well as chiral perturbation theory (ChPT) predictions find |dN | ∼ θ ·
O
(
10−2 ∼ 10−3
)
e · fm , yielding θ . O
(
10−10 ∼ 10−11
)
.
In order to compute the nEDM moment in lattice QCD we need to compute expectations values
with L(x) (in Euclidean time):
〈O(x1, ..., xn)〉θ = 1Zθ
∫
d[U]d[ψ f ]d[ψ¯ f ] O(x1, ..., xn) e−SQCD+iθ
∫
q(x)d4x .
However, the θ-term leads to a complex action prohibiting simulations. Several methods have been
developed to enable the computation of the neutron electric dipole moment, namely i) Measure the
neutron energy in an external electric field; ii) Simulate with imaginary θ, see e.g. QCDSF [48];
iii) Assume θ is small and expand to first order and compute the CP-violating form factor F3(0)
yielding |dn| = limq2→0 F3(q
2)
2mN
. If one adopts the latter method one needs F3(0), which cannot be
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determined directly requiring either to fit the Q2-dependence or use position space methods described
in Section 3.2. Here we assume that θ is small and expand to first order
〈O(x1, ..., xn)〉θ = 〈O(x1, ..., xn)〉θ=0 +
〈
O(x1, ..., xn)
(
iθ
∫
d4xq(x)
)〉
θ=0
+ O(θ2) . (13)
We then compute the neutron CP-violating electromagnetic form factor F3(Q2) and extract F3(0) ei-
ther by fitting the Q2-dependence to a dipole form or use our newly developed position space methods
to extract it directly at Q2 = 0. With the CP-violating θ-term the form factor decomposition of the
nucleon electromagnetic form factor reads
〈Nθ( ~p f , s)|JEMµ |Nθ(~pi, s′)〉 ∼ u¯θN( ~p f , s)Λθµ(q)uθN(~pi, s′), (14)
where Λθµ(q) = Λ
even
µ (q) + iθ Λ
odd
µ (q) + O(θ2) contains the (standard) CP-even and the CP-odd part,
given by
Λevenµ (q) = γµF1(q
2) +
F2(q2)
2mN
qνσµν ,Λoddµ (q) =
F3(q2)
2mN
qνσµνγ5 (15)
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Figure 20. The CP-violating form factor F3(0) using O(4700) gauge configuration for the B55 ensemble. We
use the improved gluonic definition for the topological charge Qtop and the gradient flow to define Qtop.
The three-point function is given by
Cθ,µ3pt(tst, ~q,Γν) = 〈N( ~p f , ts)JEMµ (~q, t)N¯(~pi, 0)eiθQ〉
= 〈N( ~p f , ts)JEMµ (~q, t)N¯(~pi, 0)〉 + iθ〈N( ~p f , ts)JEMµ (~q, t)N¯(~pi, 0)Q〉 + O(θ2)
where the new element entering is the correlation of the topological charge Q with the nucleon two-
point and three-point functions. The main steps involved in the computation of the nEDM is thus to
use the three-function to extract
Πθ0
(
~q,Γk
)
= θC
i
4mN
[
α1qkF1(Q2) +
qk(E + 3mN)α1F2(Q2)
2mN
+
qk(E + mN)F3(Q2)
2mN
]
. (16)
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Figure 21. F3(0)/(2mN) versus the pion mass squared (m2pi). Results using N f=2+1+1 twisted mass fermions are
shown with a red asterisk. We also show results for N f=2+1 domain wall fermions [50] at a ' 0.11fm where
the CP-odd F3(Q2) was evaluated and F3(0) was determined by fitting its Q2-dependence (blue squares). Results
obtained with N f=2 Clover fermions at a ' 0.11fm using a background electric field method are shown with
downward green triangles [51]. All errors shown are statistical. A value determined in chiral perturbation theory
at one loop order is shown with the black triangle [52].
where we the α1-parameter as input. This is determined from ratios suitably projected of two-point
functions at large t
Cθ2pt(t, γ5)
C2pt(t, 1 + γ0)
→ 2iα1θ. (17)
Using a linear combination of CP-even (Πi
(
~q,Γ0
)
, Πi
(
~q,Γk
)
) and CP-odd (Πθ0
(
~q,Γk
)
) one can isolate
F3(Q2) and then either use a fit Ansatz to extract F3(0) or position space methods [49].
Results on the F3 form factor using TM fermions and the B55 ensemble are shown in Fig. 20.
We use a dipole fit to extrapolate to zero momentum transfer and the momentum elimination in the
plateau region technique to remove the kinematical momentum factor in front of F3(Q2) enabling us to
extract F3(0) directly [49, 53]. We find a non-zero signal for the nEDM, with all definitions of Q. The
momentum elimination method and the dipole fit yield results compatible within the errors. In Fig. 21
we show a comparison of lattice QCD results on F3(0)/(2mN) obtained with dynamical simulations
and treating the θ-parameter as a real parameter in the QCD Lagrangian keeping the comparison
within a similar lattice methodology where lattice systematics are expected to be similar. We note that
results obtained using formulations with an imaginary θ are in agreement with the value found using
TM fermions. The challenge to use this methodology to compute the nEDM at the physical point
is the increased statistical fluctuations. Preliminary results show that unless one devises improved
method to cut the noise such a calculation will require at least two order of magnitude more statistics.
5 Conclusions
Simulations at near physical parameters of QCD are yielding important results on benchmark quanti-
ties and systematic studies of lattice artifacts are being pursued by a number of collaborations having
gauge configurations simulated with physical value of the pion mass that are expected to lead to an
understanding of the small discrepancies between lattice QCD determinations and the experimental
values. For example, lattice QCD results on the nucleon axial charge, quark momentum fraction and
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intrinsic spin of the quark inside the nucleon for which there are experimental results show conver-
gence to the experimental value. Taking into account the disconnected contributions is shown to be
necessary for reproducing the experimental values and recent methods developed for the computa-
tion of disconnected contributions are successfully applied to several matrix elements. The light and
strange axial charges are examples where the contribution of the disconnected quark loops is non-zero
and needs to be include to obtain agreement with the experimental value. This well-established frame-
work can thus be employed for predicting other quantities probing hadron structure such as scalar and
tensor charges, tensor moments, and σ-terms, all of which have been computed at the physical point.
Exploration of new techniques to evaluate hadron PDFs are presented with very promising results.
Although the full renormalization has not been carried out yet this approach hold the promise of de-
livering the complete parton distributions directly from QCD. Position space methods are tested at
heavier than physical pion mass yielding the anomalous magnetic moment of the nucleon. The same
approach can be applied for the extraction of the nucleon radii and the CP-violating form factors F3(0)
that determines the nEDM. A calculation at heavier than physical pion mass resulted in a non-zero
value for the nEDM but noise reduction techniques are needed to evaluate this quantity at the physical
point. We expect rapid progress in many of these aspects in the near future.
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